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We formulate an extension of the lattice Boltzmann equation to irregular lattices. It is demonstrated that the recovery of isothermal Navier-Stokes equations is possible by a construction of the local equilibrium subject to an extended list of moment constraints which take into account the lattice geometry. A particular version of the local equilibrium is discussed in some detail. The lattice Boltzmann equation (LBE) for the simulation of complex hydrodynamic phenomena has received much attention over the past decade [1, 2] . In the LBE method, one considers a fully discrete space-time kinetics of model fluid particles which move along the links of a lattice and redistribute their population in accord with some local "collision rules." Macroscopic equations for the corresponding moments emerge in the long time, large spatial scale limit yielding hydrodynamics in a fairly simple kinetic picture.
One of the limitations of existing realizations of the LBE method is the regularity of the lattice. This is an unsatisfactory situation for problems with highly localized structures, especially when comparing the LBE method with state-of-the-art methods of computational fluid dynamics.
To cope with these problems, several groups have developed hybrid schemes which merge LBE with conventional finite volume and finite difference techniques [3] . These hybrid schemes broaden the range of applicability of LBE but also involve further complications brought about by interpolation procedures since the LBE populations do not necessarily reside on the nodes of the finite volume͞difference grid.
The goal of this Letter is to extend the LBE method to a class of irregular lattices without interpolation. Besides the practical motivation of producing more flexible numerical schemes, the main focus of this Letter is to demonstrate the theoretical feasibility of such native LBE formulations on irregular grids. The idea of irregular lattices is not new in the context of lattice field theory [4] , but, to the best of the authors knowledge, this is the first time the problem is addressed in the context of the LBE theory.
We consider a class of lattices which are structured in the sense that the number of links per lattice site (the connectivity number) is constant throughout the lattice. The outgoing links at site r form the discrete velocity set at this site, c i ͑r͒, i 1, . . . , b. Populations of discrete velocities, N i ͑r, t͒, are updated at integer times t with the lattice Bhatnagar-Gross-Krook (LBGK) kinetic equation [5] ,
Here v 21 is the relaxation time to the local equilibrium population N eq i . Our goal is to construct the equilibrium N eq i in such a way that the low-frequency and large-scale limit of the LBGK equation (1) yields hydrodynamics. Below we consider the case without heat transfer so that the classical set of Navier-Stokes equations reads
where P is the stress tensor, P p1 1 ruu 2 h͓=u 1 ͑=u͒ y 2 ͑2͞d͒= ? u͔. Here h is viscosity, p is the pressure, r͑r, t͒ P b i1 N i ͑r, t͒, ru P b i1 c i ͑r͒N i ͑r, t͒ are lattice analogs of density and momentum, respectively, and d is the spatial dimension.
First, we shall discuss the motivation of the construction. The requirement of symmetry of the discrete velocity set in the LBE originates from the mechanical picture of particles undergoing collisions at the sites. Symmetry is required to keep the momentum balance in each collision. For instance, the mirror symmetry P b i1 c i 0 is needed to support the collisionless transport of a particle through the site. Irregularities of the lattice are then seen as additional space-dependent inertia forces affecting the momentum balance, and to restore it, counterterms need to be introduced into the kinetic equation (1) . Though viable in principle, this mechanical picture is impractical to deal with. A different viewpoint is adopted below. Each site is considered as a scattering center which collects the incoming fluxes and redistributes them into outgoing fluxes. This change in perspective proves useful also for LBE applications other than hydrodynamics [6] . Rules for this redistribution are dictated by matching the Navier-Stokes 0031-9007͞99͞82(26)͞5245(4)$15.00equations in the long time and large-scale limit. Formally, these rules are expressed as moment constraints,
where m i and M may depend on r, local hydrodynamic quantities, and other local moments (but not on their gradients). In this picture, no special support by symmetry is required, instead, the question of an adequate account for the full list of constraints in the N eq i becomes the leading issue. Relevant constraints are found upon inspection of the macroscopic limit of the LBGK equation (1) . For this purpose, the multiscale expansion is applicable in a usual way, subject to some care about noncommutativity of spatial derivatives and discrete velocities [c ia ≠ b f fi ≠ b ͑c ia f͒, since c i is r dependent]. Writing the secondorder Taylor expansion of the left-hand side of Eq. (1), and substituting ≠ t e≠
. . , we derive the relevant moment equations for the quantities r and ru to the orders e and e 2 . Next, let us assume that the equilibrium populations satisfy the usual local constraints [their number is n 1 
Then the density and the momentum equations read
≠ t ͑ru͒ 1 = ?
where
Let us assume for a while that the right-hand sides of Eqs. (3a) and (3b) are set to be equal to zero (we will return to this point shortly), and let us consider the dissipation term on the left-hand side of the momentum equation (3b). Using Eq. (3c), we find that the dissipative part of the stress tensor is recovered if the local equilibrium satisfies the following conditions:
The number of constraints (4) and (5) is n 2 d͑d 1 1͒ ͑d 1 5͒͞6. The constraint (4) is well known from the previous studies of regular isotropic lattices, where an account for cubic in u terms extends the accuracy of LBE method to third order in Mach number [7] . In the context of irregular lattices, this constraint is required even if the higher-order accuracy is not important. Equation (5) is thus the first additional constraint brought about by lattice irregularities. It is important that Eq. (5) is still local in the space of populations, i.e., it can be satisfied by a function which depends on local hydrodynamic fields but not on their gradients. Now we are coming to the most essential question of finding local constraints which set to zero the righthand sides of the continuity and momentum equations, Eqs. (3a) and (3b). First, it should be mentioned that since the nonequilibrium deviation (3c) is a function of gradients of the hydrodynamic fields, the straightforward requirement of zero on the right of Eqs. (3a) and (3b) does not bring a local constraint on the equilibrium population. However, this obstacle can be circumvented: Because Eq. (3c) is a specific nonequilibrium deviation, it is sufficient to consider instead requirements for arbitrary deviations, is an arbitrary deviation from the local equilibrium, not fixed by the Eq. (3c). The second equation has been used to stress that the two contributions to Eq. (6a) have a different order of magnitude. The n 3 1 1 d local constraints (6a) differ from all the constraints encountered so far because they contain information about the collisions since the relaxation parameter v is explicitly present. A further consideration is necessary to put Eq. (6a) into a form of moment constraints, and we stress that care should be taken that the entity of the second contribution to Eq. (6a) should not be destroyed. Now we will demonstrate two approaches to explore the constraint (6a).
The first approach makes use of the small parameter in Eq. (6a): Let N eq͑0͒ i be an equilibrium population which satisfies constraints (2), (4), and (5), and also Eq. (6a) with e 0 [the latter is a moment constraint of the form (5), and the equilibrium N 
The latter equation is valid for populations N i which deviate of the order e from the local equilibrium N 
Both suggested approaches to cast the constraint (6a) into a moment constraint do not destroy the entity of the second term in Eq. (6a), and therefore they are iterative by necessity. The first approach, Eq. (6b), is the Taylor expansion while the second, Eq. (6c) is the Newton method; they differ by the choice of the initial approximation to the local equilibrium, and the accuracy of each can be extended by constructing further iterations. The final remark to this point is as follows: while the usual moment constraints (2), (4), and (5), are well defined for arbitrary populations, the condition (6a) holds only in some neighborhood of the desired equilibrium, and not only equilibrium itself but also its neighborhood is addressed by the construction. An example of the suggested construction is considered below. Thus, we have demonstrated that the equilibrium population which satisfies constraints (2), (4), (5), and (6a), when used in the lattice Boltzmann equation (1), is suitable to recover the Navier-Stokes equations. All these constraints are local in the space of populations, and their total number is n c n 1 1 n 2 1 n 3 ͑d 1 1͒ ͑d 1 2͒ ͑d 1 6͒͞6.
With the list of constraints at hand, the next issue is how to actually construct the local equilibrium with the desired properties. The simplest route is to postulate a linear combination N
where parameters A, . . . , D ab are found from linear algebraic equations when Eq. (7) is substituted into the above constraints. We will now illustrate this by constructing explicitly the local equilibrium which is suitable to recover the continuity equation, and which satisfies constraints (2a) and (6a) with w i = ? c i . To treat the latter constraint, we choose the Newton method (6c 
The homogeneous constraints in Eq. (9) reflect the fact that the correction does not destroy the left-hand side of the continuity equation (3a) set already by the auxiliary equilibrium (8) , while the inhomogeneous constraint is just Eq. (6c). Explicitly, DN eq i is
where F a P b i1 c ia ≠ b c ib , and G P b i1 ͑≠ a c ia ͒ 2 are nonlocal structure functions brought by the constraint (6a).
It is instructive to discuss conditions under which a solution is valid. There are two different sources of possible inadmissibility for a given lattice. The first source is the local geometry of a site, and it concerns the solution (8). The latter is valid except for two cases: (i) T is not invertible, which occurs if the discrete speeds collapse to a linear manifold of a dimension lower than d, and (ii) resonant sites: b c a c a . Both conditions are highly pathological and can be safely ruled out under any reasonable circumstances.
The second source of inadmissibility is associated with nonlocal terms in Eq. (10) . It is instructive to examine for which class of lattices the denominator in Eq. (10) can vanish. To this purpose let us consider the two contributions, R 1 F a c a 2 ≠ a c a and R 2 G 2 F a F a , separately, assuming no resonant sites (B fi 0). Now R 1 is clearly zero whenever the self-speed c a is equal to zero. This happens for all grids where the discrete speeds still possess mirror symmetry, i.e., each speed c i has an equal and opposite mirror conjugate such that the sum of the two is zero. The second denominator vanishes whenever the discrete speeds are "T orthogonal," namely, they fulfill the relation c ia c a j d ij . A telling example is provided by the Cartesian stretched grid obtained by progressive independent multiplicative increases along x and y directions of the standard two-dimensional nine-speed uniform lattice. The fact that our approach is inapplicable to this simple grid does not come as a surprise since the increments Dc i along x and y directions are not independent of c i , so that no extra dimensions are added to the local kinetic space. In fact, if the stretching factors along x and y are the same, none of the increments are independent. This suggests that admissible irregular lattices should result from irreducible local deformations of a generating uniform set of discrete speeds. By irreducible we mean a transformation in which each discrete speed of the uniform lattice is rotated by an independent angle and stretched by an independent factor. An example of admissible 16-speed lattice fulfilling all constraints in d 2 can be parametrized as follows: c ji,
where a ji and l ji are the aforementioned independent rotation angles and stretching factors. This is the irregular extension of the D2Q16 uniform lattice [7] .
A few words on the practical implementation of the present scheme are in order. Construction of the local equilibrium discussed above implies the solution of a linear system Ax b of size n c at each lattice site every time step. Since the number of constraints n c is comparable with the number of discrete speeds, the solution of this linear system must probably involve the use of fast iterative solvers. This is a research subject on its own, and we close this Letter with a number of comments.
(i) We have shown that the native lattice Boltzmann equation for hydrodynamics can be formulated on irregular lattices. Specifically, we have established a finite number of local constraints which should be satisfied by the local equilibrium distribution in the LBGK equation (1) in order to recover the Navier-Stokes equation in the appropriate time-scale limit. We have also considered the simplest approach to constructing such equilibrium.
(ii) We need to stress that the constraints established above concern only dynamics close to the local equilibrium. In particular, they are sufficient to keep constant the total momentum only in the long time large-scale limit but not for a generic nonequilibrium population. This is at variance with the case of regular lattices where the total momentum is always conserved in the propagation step due to translational symmetry. It is interesting to mention that the constancy of the total momentum for a generic population is restored on the expense of an additional local constraint,
where g i ͑r͒ c i ͓r 1 c i ͑r͔͒. This constraint is not extracted from the multiscale analysis, and it can be taken into account independently of the above constraints.
(iii) As per the construction of the local equilibrium, once the constraints are known, via an expansion such as Eq. (7), we note that this approach is equivalent to minimization of the convex function H P b i1 N 2 i , subject to the full list of constraints in the problem. From the standpoint of the H theorem [8] , this route is not the optimal one since any additional constraint above the hydrodynamic ones (2a) shrinks the domain of its validity [9] . It should be mentioned that for regular lattices, distinguished H functions were recently found, and with the property that their local equilibria satisfy the additional condition (2b) automatically [10] . Such H functions are the best candidates for the variational construction of local equilibria. For irregular lattices, this interesting question remains entirely unexplored at the moment.
No claim can be made at this stage as to the practical viability of the present scheme versus finitedifference͞elements LBE formulations. Still, we believe the model presented here bears an interest on its own as a theoretical framework for hydrodynamic-compliant, minimal kinetic theory on irregular lattices. S. A. O. acknowledges support of ONR/DARPA.
